Abstract-We propose a general method to design an arbitrarily shaped radome which can extend the scanning angle of a phased array antenna through finite embedded transformation (FET). The main advantage of our method is that the relationship between the incident angle and steered output angle of the radome can be designed in advance (e.g., a linear relation can be achieved). Unlike a traditional FET, which is often applied onto a slab region, we first apply FET onto an arbitrarily shaped region to bestow the desired radome with an arbitrary shape. Two specific examples have been given to demonstrate our method. Numerical simulations show good performance of our radome.
INTRODUCTION
Phased array antennae (PAA) have been widely used in mobile communications, satellite broadcasting, space probe communication, radar system and radio astronomy [1] . Most available phased array antenna systems can achieve an electromagnetic beam scanning from −60 • to 60 • [1] . However, as the angle of scanned beam increases, the performance of the PAA decreases (e.g., the directivity degrades and side lobes increase). Many methods have been proposed to increase the scanning angle of a PAA. One way is the utilization of mechanical augmentations, which sacrifices the main advantage of a PAA (electronically scanning without the mechanical time delay). A good method is to extend the scanning angle of a PAA by using a specially designed radome, which can steer the beam produced by PAA to a larger angle [2, 3] . In 2011, Lam et al., have proposed a Bucky-ball NIM lens that can steer beams produced by a PAA to the horizon [3] . The proposed Bucky-ball NIM lens shows good performance numerically and experimentally. However this Bucky-ball NIM lens still has some disadvantages. Firstly, the designing process of this Bucky-ball NIM lens is very complex. It requires an optimization process (over 8000 simulations have been run) to determine an initial 2D structure and then extend this structure to a 3D one. After that, it requires a conformal mapping technique that transforms the radome with an elliptical cross section to one with a circular cross section or a Bucky-ball structure. Secondly, the relationship between the input beam produced by a PAA and the output beam steered by the radome is not linear. In fact, this method cannot determine the specific relation between the input angle and the output angle. It is simply an optimization process to ensure that when the input beam is 60 • , the output beam can be maximally steered (e.g., steered to the horizon). However in many practical applications, it often needs a linear relationship between the input beam and the steered output beam. In this paper, we will introduce a general method to design a novel radome that can overcome the above drawbacks and lead a new way to design an arbitrarily shaped radome for the PAA.
Our method is based on transformation optics (TO), which has been widely used to design invisible cloaks [4, 5] , perfect lenses [6] , DC magnetic field lenses/concentrators [7] [8] [9] [10] , etc. [11] . We can divide the devices designed by TO into two kinds: one kind has an enclosed structure that produces a local phenomenon and does not influence the electromagnetic wave outside the device (e.g., invisible cloak [4, 5] , electromagnetic wave concentrators [12] , field rotators [13] , invisible sphere [4] , etc.). Note that people choose the identical transformation at the outer boundary of this kind of device, which is why such devices can only produce a local influence on electromagnetic waves. Another kind of device is designed by a finite embedded transformation (FET) [14] , which can produce a non-local phenomenon and influence the far field (e.g., beam shifter [14] , beam splitter [14] , beam compressor [15] , polarization controller [16] , etc.). Traditionally the device designed by FET is often a slab shaped device with an identical transformation at the input plane and a discontinuous transformation at the output plane, which is the key point to cause desired influences of the electromagnetic wave after it passes through the devices.
In this paper, we will apply an FET onto an arbitrary shell region to design a radome that can extend the scanning angle of a PAA. Compared with the previous method [2, 3] , our method has the following advantages: firstly, the relationship between the incident beam produced by a PAA and the output beam steered by our radome can be designed in advance (e.g., a linear relationship can be achieved); secondly, the design process of our method is very simple and does not need any optimization; and thirdly, the shape of the radome can be designed arbitrarily which can be chosen according to the practical application.
METHOD
TO can build up a relationship between two spaces: one is a virtual space (reference space) and the other is the real space. By using a special coordinate transformation, we can get the materials (referred as the transformed medium) with the desired function in the real space. These transformed media can perform the same coordinate transformation to the electromagnetic wave from the reference space to the real space. Note that the detail of TO can be found in Ref. [4] . In this paper, the quantities with or without primes correspond to the quantities in the real or reference space, respectively. For simplicity, we first consider a 2D case (the whole structure is infinitely long along the z axis). As shown in Fig. 1 The real space is still a half space (x > 0); except for the transformed medium indicated by the yellow region enclosed by Γ 1 and Γ 2 (our radome), other regions are still free space.
PAA is located on a PEC plane both in the reference space and the real space. We only need to consider a half space (x > 0) problem here. The reference space now is a half space (x > 0) filled with air (see Fig. 1(a) ). We divide this half space into three regions by introducing two arbitrary curves Γ 1 and Γ 2 , which are both symmetrical about the x-axis and intersect with the PEC plane x = 0. We apply an identical transformation to the regions, excluding the region enclosed by Γ 1 and Γ 2 . This means that, except for the region enclosed by Γ 1 and Γ 2 , the other regions are still free space in the real space. The only transformed region is the region enclosed by Γ 1 and Γ 2 , which stands for our device (the yellow region in Fig. 1(b) ). We can choose the following transformation onto the region between Γ 1 and Γ 2 :
where continuous function f satisfies
Γ 1 and Γ 2 represent the inner and outer boundaries of our radome. The above transformation means that we choose an identical transformation θ = θ at the input surface of our device Γ 1 . Note that θ is the angle of the incident beam both in the reference space and the real space. As the reference space is the free space, the light beam will keep propagating with same angle θ in the reference space (see Fig. 1(a) ). Once the transformation function f is continuous from Γ 1 to Γ 2 , θ will gradually change from θ to G −1 (θ). Note that the output angle also equates the incident angle in the reference space; therefore we obtain the relation between the input angle and output angle in the real space:
We should note that this result shows the main advantage of our method: we can determine the relation between the incident angle and the steered angle in advance. Other methods cannot achieve this [2, 3] . In many applications, a linear relationship between the input angle and output angle is often desirable. Now we will provide a simple example that presents a linear relationship between the incident and output angles. To introduce our idea analytically, we can first assume that Γ 1 and Γ 2 are both cylindrical surfaces with radius R 1 and R 2 , respectively. Later we will give a general method in which Γ 1 and Γ 2 can be of arbitrary shape. We choose f as the following form:
Note that by choosing such a transformation function f in Eq. (4), we have
It means that such a radome can produce a linear relationship between the incident angle and the output angle. We can determine the corresponding transformed medium by using transformation optics [4, 5] 
with
Note that the permeability and permeability tensors in Eq. (6) are expressed in a cylindrical coordinate system. r, θ, z are principle value orientations of the tensor. In simulation, we need to express it in the Cartesian coordinate system. We rewrite Eq. (6) in the Cartesian coordinate system as: . 
Next we will use the finite element method (FEM) to verify the performance of the device [17] . Due to the basic principle that a PAA can be treated as a result of a multi-beam interference, we can simply set some line sources with fixed phase delay to mimic PAA. For a given direction of the scanning beam (θ, φ), the phase delay for an element in the array can be given as [3] :
where k 0 = 2π/λ 0 is the free space wave number and (x m , y m ) is the coordinate of a particular element in the PAA. Here λ 0 is the wavelength in the free space. For a 2D case, we assume that the PAA is located along the y-axis, and therefore the above equation can be reduced to:
In our simulation, all lengths have been normalized by the free space wavelength. If M < 1, the output scan angle can be linearly enlarged by 1/M times the input scan angle. These simulation results verify the performance of our radome and confirm that the relationship between the incident beam and the output beam can be designed in advance. The normalized electric far fields are given in Fig. 3 . In Fig. 3(a) , we compare the normalized electric far field patterns between beams of angle 65 • produced by a PAA and produced by our radome after the same PAA (but with a different value for the phase delay). Note that here we choose a PAA with a relatively flat far-field pattern for a single unit to ensure that this PAA can produce an output beam with an angle of 65 • . In practice, it is challenging for the PAA to produce a beam with an angle larger than 60 • due to the surface-wave-like mode [19] , the impedance matching variation in different scanning angles, and the limitation of the radiation pattern of each array element. Fig. 3(a) shows that we can obtain a beam with an angle larger than 60 • in the far field by setting our radome after a beam with an angle far smaller than 60 • (e.g., 20 • ) produced by a PAA. We can also observe from Fig. 3(a) that for a scanning angle larger than 60 • , the beam width and side lobe level with the proposed radome are much better than those of the conventional PAA.
If we choose θ 0 = 0 and M > 1, our radome can perform as a beam angle compressor which can compress both the central angle and beam width (see Figs. 2(g)-(i) ). Note that the angle width of the output beam has only been reduced in some distance regions (e.g., 5λ 0 to 10λ 0 after the PAA). However, once the compressed beam propagates to the far field, it diverges due to the diffraction (see Fig. 3(b) ). We should also mention that if we choose θ 0 = 0 and M > 1 at the same time (see Figs. 3(c)-(d) ), we can obtain a single radome with multiple functions: one function is compression of the beam width produced by the PAA; the other function is extending the scanning range of the PAA. This special radome will provide many potential applications in the future.
We can use the metric matching method [14, 16] to analyze the reflection problems of our radome. At the output surface of our cylindrical radome described by Eq. (6), the basis vectors in the reference and real space are (ê r ,ê θ ,ê z ) and (ê r ,ê θ ,ê z ) = (ê r , Mê θ +
The metric matching conditionê i ·ê i = 1, i = r, θ, z is satisfied for an angle shifter (M = 1 and θ 0 = 0) in Figs. 2(d)-(f) , and thus there is no reflection problem for the angle shifter. However, for an angle compressor (M = 1 and θ 0 = 0) in Figs. 2(g)-(i) , the metric matching condition is not satisfied, and thus there exists a reflection which will reduce the gain of the antenna system. To extend the scanning angle of a PAA, an angle shifter can be utilized without any reflection problem (i.e., without reducing the gain of the antenna system). 
DESIGNING AN ARBITRARY SHAPED RADOME
In this section, we will present a general method for designing a radome of arbitrary shape. In practical applications, radomes of various shapes are required for different occasions. Traditional FET is often applied on a slab-shaped region where Γ 1 and Γ 2 are two infinitely long straight lines parallel to the y axis. Here we will extend FET to an arbitrary region enclosed by Γ 1 , Γ 2 and y axis. Inspired from the method of designing a cloak of arbitrary shape [18] , we can let the inner and outer boundary of our radome (Γ 1 and Γ 2 ) be of arbitrary shape (see Fig. 1 ). To form a radome with the function described in Eq. (3), we need to find a continuous function f that satisfies the boundary condition described by Eq. (2). There may be countless possible continuous functions f , and we can acquire one of these functions by solving the Laplace equation under this boundary condition (Eq. (2)). For convenience of solving the Laplace equation, we first extend the boundaries Γ 1 and Γ 2 to form an enclosed region (see Fig. 4 ) by mirror transformation Γ 1 and Γ 2 on the y axis. We can then solve the Laplace equation on this enclosed domain with the boundary condition described by Eq. (2). After we find the continuous function f and the transformed materials, we can simple drop the region x < 0 and keep the region x > 0 as our radome. When Γ 1 and Γ 2 are arbitrarily shaped boundaries, it is more convenient to solve this problem in the Cartesian coordinate system. We can rewrite the transformation relation Eq. (1) in the following form:
Boundary condition (2) can also be expressed in Cartesian coordinates: 
Next we demonstrate our method with an example. As a slab-shaped structure is easy to fabricate, we first design a rectangularly shaped radome and later extend it to a slab-shaped one. The size of the radome is shown in Fig. 5(a) . As we have mentioned before, we first extend the shape of our radome to another enclosed shape for convenience to solve the boundary problem (see Fig. 5(b) ). Note that we do not analyze the case of complex relation between the input and output angle in this paper. [In practical applications, a linear relation (but not a complex one) is often desired. In addition, the more complex the relation between θ input and θ output , the more likely discontinuous transformation at the output boundary of the device. Similarly to other devices designed by FET, this means that the reflection at the output boundary will be more serious, which may greatly degrade the performance of the device.]. The desired relation between the input angle and the output angle now is still chosen to be a linear relationship by Eq. (5) (12) with ∆θ = 45 • , we can obtain numerically the continuous transformation functions f 1 and f 2 in Eq. (11) . Then the permittivity and permeability of the transformed medium can be determined (see Figs. 5(c)-(e)) by using TO [18] .
We use FEM to simulate the performance of the designed radome of rectangular shape in Fig. 5 . As shown in Figs. 6(a) and (b), our radome performs very well. We also simulate the performance of a slab-shaped radome that is simply cut from the rectangular one (see Figs. 6(c) and (d)). The numerical simulation shows that such a slab-shaped radome still performs well on steering the angle of a PAA. The slab radome in Figs. 6(c) and 6(d) have been simplified by cutting off the two arms of the rectangular radome in Fig. 6(a) . More unwanted side-lobes appear due to such a simplification and scattering at a sharp corner of the slab.
SUMMARY AND DISCUSSION
In this paper, we first propose a general method on how to use the FET to design some non-slab shaped devices. Two specific shaped radomes that can extend the scanning angel of a PAA have been designed. The FEM simulation results suggest good performance of our device. Compared with previous radomes, our radome has the following advantages: firstly the relation between the incident angle produced by a PAA and the steered output angle by our radome can be manipulated as necessary (e.g., a linear relation can be achieved). Secondly, the shape of the radome can also be designed arbitrarily for different applications. In addition, our method does not require any optimization process compared to other methods which requires massive optimization.
Although the examples shown in this paper are 2D structures, extending our 2D design to 3D one is fairly straightforward. There is still more work to be done, however, if we want to realize our radome in practice. As we can see from Eq. (8), the realization of this device requires inhomogeneous, magnetic and anisotropic materials, which can be realized by meta-materials. Before we realize it, we need to do some simplification as how people constructed the invisibility cloaking. Another possible way to simplify the material requirement of the proposed radome is to choose some other kinds of transformation function. Note that there are many continuous function f which satisfies the boundary condition (5), and here we just choose the simplest linear transformation function of Eq. (4) to demonstrate our idea. Our subsequent work is simplifying the material parameters of our radome or finding some other transformation function that can achieve a less demanding material requirement.
